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ABSTRACT 

Tail-biting trellises are the simplest of decoding graphs with cycle. Basically, trellis representations not only 
reveal the code structure, but also lead to efficient trellis based decoding algorithms. Existing Circular Viterbi Algorithms 
are non-convergent and sub-optimal. In this paper, decoding of convolution code is done over a Rayleigh channel and it is 
shown that the net path metric of each tail-biting path is lower-bounded during the decoding process of the CVA. 
This lower bounding property can be applied to remove unnecessary iterations of the existing CVA and results in a 
bounded or convergent CVA based Maximum Likelihood (ML) decoder. Comparison between the existing two phase 
ML decoder and the convergent CVA decoder is done over a Rayleigh channel to show that the proposed algorithm has 
higher efficiency and lower decoding complexity. 
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INTRODUCTION 

Tail-Biting Convolutional Codes (TBCCs) are simple and powerful forward error correction codes. 
There are many advantages of using TBCC over the conventional Zero-Tail Convolutional Codes (ZTCC) and some block 
codes. Convolutional Tail-Biting Codes (CTBC) can overcome the loss on the code rate, and induces less performance 
degradation [7, 5]. In the trellis of CTBC, there is a one-to-one correspondence between a codeword and a path with the 
same initial and final state, which is called a tail-biting path. If the number of initial states (equivalently, final states) of the 
convolutional tail-biting code is N, the trellis is composed of N subtrellises with the same initial and final state. 
These subtrellises are called tail-biting subtrellises, or simply subtrellises, and will be denoted by T s for the ith subtrellis. 
Since Maximum Likelihood (ML) decoding for TBCCs involves high complexity calculations, researchers have proposed 
several sub-optimal decoding algorithms for practical applications. [2, 12]. Among them, the Wrap-Around Viterbi 
Algorithm (WAV A) is the one which iteratively applies the Viterbi algorithm (VA) in a wrap-around style because the 
TBCC is circular. At the end of each iteration, the algorithm checks some sufficient condition for an optimal solution to 
determine if iteration is necessary. 

Recently, an ML decoding algorithm of practical decoding complexity was proposed. This scheme has two 
phases. In the first phase, the Viterbi algorithm is applied to the trellis of the convolutional tail-biting code to obtain the 
trellis information. Based upon the trellis information, the algorithm A* is then performed on all subtrellises in the second 
phase to yield the ML decision. It has been shown that the decoding complexity can be reduced from N Viterbi Algorithm 
trials to equivalently 1.3 VA trials without sacrificing the optimality in performance. This approach achieves near-optimal 
performance with an acceptable complexity. Two iterations are usually enough for most TBCCs. The circular characteristic 




www.tjprc.org 



editor@tjprc.org 



14 



Momina Kouser & Chandrakala. V 



of the TBCC suggests that it is unnecessary to start the decoding process at the beginning of a received codeword. 



The circular Viterbi algorithm (CVA)-based decoder greatly reduces the implementation complexity of a decoder 
for tail-biting trellises and provides near-optimal block error rate performance. However, the decoding process of the CVA 
is non-convergent and sub-optimal [4, 7]. In this paper, a CVA-based ML decoder for tail-biting trellises is introduced. 



II • I t IMtl • 

1=0 /=1 f=S J=3 M 1=5 ;=e i=J J#0) 
Figure 1: The Tail-Biting Trellis of the (8, 4) Convolutional Code with Octal Generator Polynomials of {7, 5} 

In the bounded CVA algorithm the decoding is done using Rayleigh channel. Here during the decoding, the lower 
bound of the net path metric of each tail-biting path can be obtained to exclude impossible starting state candidates 
resulting in convergence of the existing CVA. In addition, the net path metric of survivor paths can be used to terminate 
redundant searches without performing a full Viterbi iteration, hence resulting in less number of iterations. 

PROPOSED ALGORITHM 
Algorithm Explanation 

Consider an example of decoding over a Rayleigh channel with tail-biting convolutional codes of rate b/c, the 
length of information bits is bh and the length of the corresponding codeword is cL. Binary code bits i^ 7 \re mapped to 
= (1 — 2v^)^fE s with binary phase-shift keying (BPSK) modulation, where 0 < j < c - Land 0 < / < L - 1. 
Without loss of generality, signal energy Es is normalized to 1. After passing through an reyleigh channel, the 
corresponding received symbols is r t J . The log-likelihood ratio of r/ is given by A (r^j = 4r/^ M), where 

for / > L,x^ = Xq) l A ( r / 7) ) =A ( r (z)|)' anc * (Ol = I mod. During the decoding process of the CVA, the accumulated 
path metric of the survivor path entering state s at location / in the ith iteration is 

M/(s) = $:J )L+1 {4 n A (r«)) ,i>l (1) 

The weighted Hamming distance between A (rf J ^ and can be defined as in [8]: 

D (A ( r W) , = ( I A (^'O I ' if S9niA * (2) 

V V J J I 0, otherwise, 

Where, (A (r^)) denotes the sign of A ( r ^)? Based on (1) and (2), the ML decoding on the tail-biting trellis is 
equivalent to solving the following equation: 
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iL- 1 c- 1 



S= a rgmax £ £(4. A (rf )) 



Jt=<f-l>Z. /=o 



= -gmax X Z|a(^)|-2Z>(a(^).^) 

jt=<i-i>z. /=o 

= argmln £ |> ( A (rf ) ,.f ). 

k=ii-l)Lj=0 (3) 

The term, | A y^j | can be ignored in the third line of (3) since it is independent of specific codewords x and 

consequently is a constant for all paths on the tail-biting trellis. Denote by P l (/? l (s), s) the survivor path that connects state 
Pi(s) of 5 0 with state s of S t in the /th iteration. The corresponding net path metric of P\p l (s), s) can be derived from (1) 
and (3): 

MLttfKs), s) = M |(5) - M\> (>(s)) (4) 

Since the initial path metrics are different Mo +1 (s')from for each state s E S 0 , different survivor paths can be 
obtained in each iteration. Denote by P t the ML path obtained in the /th iteration, where the ML path obtained from the 
first iteration has the least net path metric among all possible survivor paths [4]. Similarly, the ML tail-biting path obtained 
in the /th iteration is denoted by P l , which has the net path metric M l . Among the set of tail-biting paths M lr (s, s)) I Vs E 
S 0 , i > 1}, the optimal tail-biting path and its net path metric are denoted by P° and M°, respectively. 

Lower Bounds of the Net Path Metrics 

The existing CVA-based decoder is non-convergent, and it cannot guarantee that the tail-biting path obtained is 
optimal when the decoding process is terminated. In order to design a convergent CVA based ML decoder on tail-biting 
trellises over a Rayleigh channel, further information needs to be obtained from the decoding process of CVA. Based on 
the characteristics of CVA, a lower bound of the net path metric of each tail-biting path is derived. This observation is 
summarized as: Let P(s, s) denote the ML tail-biting path on the sub-tail-biting trellis of state s, and the corresponding net 
path metric i M(s, s) where s E s 0 . Define B(s) as 

i^max^MlCs) - M^s), (5) 

then B(s) < M(s, s), i.e., B(s) is the lower bound of the metrics of all paths on the sub-tail-biting trellis of state s. 

Proof. The tail-biting trellis defined on a circular time axis can be split at section / = 0 and duplicated on the time 
axis head-tail. Conventional CVA then becomes a general Viterbi decoder composed of several length L decoding sections, 
where the Viterbi algorithm searches on the duplicated trellis by recording and repeating the received symbols. 
Consequently, combining (1) and (3), we find that the survivor path Pi(fii(s), s) has the minimum accumulated path metric 
among all possible paths Prfs*, s), s*, p l (s) E S 0 , s E S t and 0 < / < L - 1 

Consequently, 

Mi(s) = MUp i (s) + Mi iet iP i (s),s) 

<M'(s*)+A4t(s*,s) (6) 
Since (6) holds for 0 < / < L - 1, we know that for any s € S L , (6) also holds. Then for the ML tail-biting path, 
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P(s, s) on the sub-tail-biting trellis of state s, from (6), is given that 



M[(s) - M[(s) < M l net (s,s) < M(s, s), i>l 



Since, B(s) = max^ M l L (s) — M l 0 (s) then combining (7), we have 



B(s) < M(s, s) 



(8) 



Since, P(s, s) is the ML tail-biting path over Rayleigh channel on the sub-tailbiting trellis of state s, from (3) and 
(8), the conclusion is that B(s) is a lower bound of the metrics of all paths on the sub-tail-biting trellis of state s. 
The lower bound B(s) is updated as iterations continues and a more precise estimation of B(s) can be obtained if more 
iterations are performed on the tail-biting trellis. According to (8), the maximal value of B(s) is M(s, s). Thus the decoding 
complexity of CVA on the tail-biting trellis can be reduced by removing redundant computations and iterations during the 
decoding process (using Rayleigh) and control the convergence of CVA based ML decoder. The improvements of the 
proposed decoder can be summarized into the following two aspects. Firstly, during the decoding if the net path metric 
Mnet(P l ( s )> s ) °f survivor path Pi(P l (s), s) is not less and M° is the optimal tail-biting path obtained in the first i-1 
iterations and s E S h all searches that follow state s can be terminated (refer to Figure 2). In this case, the net path metric of 
any survivor path that starts from state fi l (s) and passes through state s is not less than, where M° is the optimal 
tail-biting path obtained in the first i-1 iterations and s E S h all searches that follow state s can be terminated 
(refer to Figure 2). In this case, the net path metric of any survivor path that starts from state /? l (s) and passes through state 
s is not less than M°. Secondly, denote by S£ the set of survivor starting state candidates in the ith iteration of the CVA, i.e. 



Sj: = {s\B(s) < M 0 } 



Here = 



5 0 . For V 5 E Sj;, if B(s) > M°, then from Lemma 1, it is given that M(s, s) > M°. 




t 



J=fl ^1 hi W 



i _ 
■ -■■ 



f=5 ;=6 hi J=8j=fi) 



Figure 2(a): Decoding Process of the B-CVA ML Decoder 
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Figure 2(b): Decoding Process 1 
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Figure 2(c): Decoding Process 2 
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Figure 2(d): Decoding Process 3 
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Figure 2(e): Decoding Process 4 

As the decoding iterations continue, the search space on the tail-biting trellis over a rayleigh channel shrinks and 
the decoder will converge to the global optimal solution eventually. 

CVA Based ML Decoder on Tail-Biting Trellis 

The above decoding process on tailbiting trellis over a rayleigh channel is summarized as follows. 

• Firstly, state s with bound B(s) > M° is deleted from s l c in step 2.3 since the ML tail-biting path on the sub-tail 
biting trellis of state is not better than P° . 

• Secondly, after the (i + ljth iteration, if no state has been deleted from s£ +1 i- e Sc + \i?( 5 ) < M° , then 
equation s£ +1 = holds and the Viterbi algorithm will be performed on the sub-tail-biting trellis of state sf in 
step 2.4, where s f E s l c +1 .lf M (s t, s t) > M°.this indicate that F(s f , s f) is not better than P 0 . Then state sf 
can be deleted from s£ +1 since the ML tail biting path on its sub tail biting trellis has been found. 

• Thirdly, When is empty, the decoder converges to the global optimal solution that was recorded. 



Algorithm Steps 



Table 1 



1 


Initialization s \ <- s 0 , M\ <- 0 for all s E sj, M° <- +oo; 


2 


For iteration i, i > 1: 


2.1 


Perform Viterbi algorithm on the tail-biting trellis with the set of starting state candidates 
during the decoding process,VP l (/? l (s '), 5 ), where s E s^.if M^ et (/? l (s ), s' > M°,terminate 
the search that follows state s as mentioned above; 


2.2 


Find ML tail-biting path P4f it exists, update P°, M°, with (P l , M l ) if M l < M°; 


2.3 


For V^Gsj, calculate Bi(s) = M[(s)-M l 0 (s) and update B(s) with fl/fa) if Bi(s) > B(s); 
generate s l c +1 , by excluding state s with B(s) >M° from set 
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Table 1: Contd., 



2.4 


If s l c +1 = 0,go to step 3;else if s l c +1 = 5c,find the starting state jf of ML path P l and 
perform viterbi algorithm on the sub-tail biting trellis of state , step 2.1 is also applied in 
this case; delete s1f from s^ +1 ;Update P° with P l , (s t, 5 f) if M(s t s t) < M° ; 


2.5 


Vs G s l c +1 :M l 0 +1 (s) <r- M[(s); i <- i + l;go back to step 2; 


3 


Output the codeword associated with P°; 



SIMULATION RESULTS 

The existing ML decoder is 2 phase ML decoder and the proposed is B-CVA ML decoder. Here ES is the existing 
system and PS is the proposed system. In the present paper of "low complexity CVA based ML decoder" X Wang has 
shown that the decoding efficiency can be improved by lower bounding the path metric on the trellis using AWGN 
channel. It can be observed from the below graphs how efficient and less complex does a bounded CVA based ML decoder 
is, when compared to existing 2 phase ML decoder over a Rayleigh channel. From the below table 2 and the graphs it is 
clear that the proposed decoder (B-CVA based ML decoder) gives the higher efficiency compared to existing 
WAVA (Wrap Around Viterbi Algorithm) and the two phase ML decoder. 



Table 2: BER Comparison of Proposed System and the Existing System over a Rayleigh Channel 



BLER 
Performance 


O.OdB 


l.OdB 


2.0dB 


3.0dB 


4.0dB 


WAVA 


3.95X KT 1 


1.49X 10" 1 


2.80X 1(T 2 


2.70x 1(T 3 


1.06X 1(T 4 


B-CVA based ML 
decoder 


2.95X 10" 1 


1.48X 10" 2 


2.66X 10" 2 


2.50x 1(T 3 


0.96 x 10" 4 
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Figure 3: SNR v/s BER Plot for (64, 32) Code 



Impact Factor (JCC): 6.8785 



Index Copernicus Value (ICV): 3.0 



Implementation of a Convergent B-CVA Based ML Decoder Using Convolutional Tail Biting Trellis 



19 




SIGNAL SNR(dB) 



Figure 4: SNR v/s Success Rate Plot for (64, 32) Code 
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Figure 5: SNR v/s Bit Errors Observed Plot for (64, 32) Code 
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Figure 6: Total Number of Additions Required for (64, 32) Code 
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Figure 7: Total Number of Logical Comparisons Required for (64, 32) Code 

CONCLUSIONS 

In this paper, a convergent CVA-based ML decoder for tailbiting trellises over Rayleigh fading channel is 
proposed. Here the lower bounding property of the tail-biting path is used to control the decoding process of existing CVA. 
Simulation results show that, on tail-biting trellises, the B-CVA based ML decoder exhibits high decoding efficiency and 
lesser decoding complexity during the decoding process when compared to existing ML decoders. 
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